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We present a new term-structure model for commodity futures prices based on Trolle and Schwartz (2009), which we extend by
incorporating multiple jump processes. Our work explores the valuation of plain vanilla options on futures prices when the spot
price follows a log-normal process, the forward cost of carry curve and the volatility are stochastic variables, and the spot price
and the forward cost of carry allow for time-dampening jumps. We obtain an analytical representation of the characteristic
function of the futures prices and, hence, also for plain vanilla option prices using the fast Fourier transform methodology. We
price options on WTI crude oil futures contracts using our model and extant models. We obtain higher accuracy than earlier
models and save significantly in computing time.

Introduction

To obtain accurate estimates of the convenience yield of each commodity, it is crucial to adopt a futures
pricing model that can match the different shapes of the term-structure of commodity futures and can
explain a large part of their fluctuations. There are two major approaches to describe the futures price
dynamics for pricing options on commodities, spot models and term-structure models. The spot-based
approach relies on specifying the dynamics of a limited set of state variables and deriving futures prices
endogenously. The term-structure approach relies on specifying the evolution of the futures curve directly,
taking the current market futures prices as given. The inclusion of stochastic volatility allows us to calibrate
the model to option volatility smiles and skews, typically seen in option markets.

There have been two important extensions in the term-structure literature so far: the inclusion of jumps
in the futures dynamics, as in Crosby (2008), and the adaptation of the volatility to be stochastic, as in
Trolle and Schwartz (2009) and Trolle (2014). Trolle and Schwartz (2009) is specified under the risk-neutral
probability measure and is based on the Heath, Jarrow, Morton (HJM, 1992) framework. Commodity
futures prices are driven by two stochastic factors, the spot price and the forward cost of carry curve. The
advantage of working in an HIM setting is that, as Trolle and Schwartz (2009) point out, unspanned
stochastic volatility arises naturally. An analytical representation of the characteristic function (CF) of the
futures price is derived for the computation of standard European options using Fourier transforms (FT),
which they do numerically.

Jumps in the spot price abound in the literature, as do models that present jumps in the variance process.
In the scope of commodity models, however, jumps in the cost of carry have scarcely (if ever) been up to
date in the literature. In this work we present a novel term-structure commodity model which is based on
the model of Trolle and Schwartz (2009). It presents jumps in those factors that affect the futures price,
that is, the spot price and the forward cost of carry curve; this idea is inspired by Crosby (2008). We derive

S[Clig

A\
bayes-cid.com | Winter 2023 | Commodity Insights Digest
32


https://www.sciencedirect.com/science/article/pii/S0140988322004315

Jumps in Commodity Prices: New Approaches for Pricing Plain Vanilla Options

an analytical representation of the characteristic function of futures prices and compute standard
European options analytically using the fast Fourier transform (FFT) algorithm.

The New Model — SYSVIJ

Let St denote the time-t spot price of the commodity and y(t,T) the time-t instantaneous forward cost of
carry that matures at time T. We model the evolution of the entire futures curve by specifying one process
for St and another for y(t,T). Also, let vi denote the instantaneous variance, which follows a mean-reverting
process. In this work, we introduce simultaneous jumps in St returns and in y(t,T), which are uncorrelated
with any standard Wiener process. We indicate in those terms that represent our novel contribution
in the form of an extension to the three-factor specification of the Trolle and Schwartz (2009) model. We
also define two random variables, Js and J,(t,T), which represent the jump sizes of the Poisson processes
in each factor. Under the risk-neutral probability, the processes followed by S, y(t,T) and v; are governed
by

ds
( d_sz = (v¢ )dt + osVv, . dWS
dy(t,T) = (uy )dt + o, (t, )V .dW,”

dve = k(0 — vy)dt + o, \v dWY

allowing W¢>, WyY and Wy’ to be correlated with psy, psv and py.. From applying Itd’s Lemma to jump-
diffusion processes and setting the drift to zero, it follows that the dynamics of futures prices are given by

dF(t,T
# = Vv, (osdWS + oy (t, T)dW,”)
The jump component affects mainly the tails of the distribution of futures returns. We assume that the
intensity of the jumps A is constant. To specify the nature of jump sizes we consider the following six sub-
specifications: (a1) independent and identically distributed (iid) jumps in S, (b1) iid jumps in y(t,T), (1) iid
jumps in St and in y(t,T), (a2) jumps of constant magnitude in S;, (b2) exponentially time-decaying jumps
(etd) in y(t,T), (2) jumps of constant magnitude in St and etd jumps in y(t,T). We denote our model by
SYSvJ.1

Options on crude oil expire (To) 3 business days before the expiration date of the underlying futures
contract (T). To price options on futures, we introduce the FT {, which has an exponential affine solution:

Lpt(lu; t, TO; T) — eA(u;TO—t)+B(u;T0—t) +iu‘ln F(t,T)'

The inclusion of jumps in the model does not have any impact on the computation of the expressions
followed by A(+) and B(-) — which are defined in Trolle and Schwartz (2009). In a recent work, Sitzia (2018)
derives an analytical representation followed by the FT of the futures prices for the Trolle and Schwartz
(2009) model, and present the analytical solution followed by the terms A(:) and B(-), which depend on a
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combination of hypergeometric functions. is the new term connected with the jumps, following the
jump assumptions. We obtain analytical expressions for this C(-) term — jump expectation and transform.
Modeling the futures dynamics using jumps and stochastic volatility causes the futures prices to have non-
Gaussian returns — a stylized fact in the energy markets. We perform the Jarque-Bera normality test and
we reject the null hypothesis of normality in returns. This implies that these features are required,
providing skewness and kurtosis to the distribution of returns.

We consider five extant models, a mix of spot-based models and term-structure models, together with
our own model SYSVJ. To adapt earlier models to commodity assets, we transform the original spot-based
specifications and get the corresponding futures dynamics. The models are Merton (1976), Heston (1993),
Bates (1996), Trolle and Schwartz (2009), Trolle (2014) or SYSVJal, and the remaining sub-specifications
of our model SVSVIJ. These models and their main features can be observed in Table 1.

Table 1
Models, Factors and Parameter Count

Model Stochastic factors Parameter

S, Wi, T) F(r,T) ) S Wi, T) count

Mer76
Hes93
Bat96
TS09-SV1
SYSVJ“
SysvJh
sysvy!
SYSVJ«
SYsvyh
SYSvJ?

Notes: The star symbol refers to the alternative set-up, as well as the numbers in brackets.

Key advantages of the most recent models include improved approximation to the real price behavior and
better description of the implied volatility surface. In our case, adding up to five jump parameters provides
more flexibility to replicate the market volatilities, allowing for a wider range of possible shapes (e.g., long-
dated contracts jump more than those closer to maturity — a stylized fact in the energy markets). Its
implementation requires the addition of one new term C(-) to the CF.

In our empirical work, we use the Carr and Madan (1999) approach for pricing European plain vanilla
options, which permits the use of the computationally efficient FFT algorithm.

For the sake of simplicity, we have reinterpreted certain parameters in our model, which consists of an
equivalent way of understanding the nature of volatilities and jumps of Stand y(t,T) — and of futures too.
Option prices are equivalent no matter whether we use this alternative characterization or the original
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set. In this set-up we consider two model sub-specifications: (1) iid jumps in F(t,T), (2) etd jumps in F(t,T).
The coefficients in B(:) result in new expressions, whereas the expressions followed by A(:) and B(:) remain
the same. We obtain a new analytical solution to the jump term C().

Data and Parameters Estimation

We consider WTI light sweet crude oil data listed on the NYMEX. The data set consists of observations of
closing prices for futures prices and Black (1976) volatilities. We consider seven generic futures contracts
which we label M2, M3, M4, M5, M6, Q1 and Q2 — following the method described in Trolle and Schwartz
(2009) based on open interest levels. For each contract and observation, we consider 32 options — ATM
and OTM; the data is taken at monthly and daily frequency.

The period spans from May 27, 2010 to March 2, 2022. We split this period into two to carry out an in-
and an out-of-sample analysis: for the first, we take data from May 27, 2010 to September 30, 2020 (>10
years);2 for the latter, from October 1, 2020 to March 2, 2022 (<1.5 years).> Prices and volatilities can be
observed in Figure 1.

Figure 1
Futures Prices and ATM Implied Volatilities
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Notes: The vertical line separates the in-sample from the out-of-sample period.

We use the least-square fit to calibrate the models’ parameters under the Q measure. As a proxy for the
(non-observable) instantaneous variance vi, we use the square of ATM volatilities that corresponds to the
shorter maturity contract M2. Errors are expressed in terms of MAE(c) and RMSE(o).
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Results and Conclusions

We have developed a novel term-structure model for commodity futures prices which presents stochastic
spot prices, forward cost of carry curves and variance. The novel feature in our model is the presence of
simultaneous jumps in the spot prices and the cost or carry, either iid or following a time-dampening form.
We model futures dynamics under Q, compute the CF and price European plain vanilla options using the
FFT algorithm with an analytic expression. This is the first empirical work in the literature which prices
options with the Trolle and Schwartz (2009) model using analytical expressions.

We calibrate parameters for five extant models (Merton (1976), Heston (1993), Bates (1996), Trolle and
Schwartz (2009) or TS09, and Trolle (2014) or SYSVJal), plus the remaining five sub-specifications of our
model SYSVJ, with the objective of analyzing pricing performances, both in-sample and out-of-sample.
The statistics we use for this purpose are MAE (mean absolute error) and RMSE (root mean squared error).

We prove that our model produces better results in terms of error than our benchmark model, especially
for short maturity contracts and away from the ATM level. In-sample, our model outperforms the
benchmark by 0.57% in terms of MAE(o) and 0.72% in terms of RMSE(c). Out-of-sample MAE(o) values
are better than the equivalent in-sample ones for each of our model sub-specifications, especially for
monthly observations where we outperform TS09 by 0.42%. Individual error values per model can be
observed in Table 2.

Table 2
Error Statistics per Model, In-Sample and Out-of-Sample

a) Monthly observations

SYSVI2 | SYSVIb2 | SYSVIa2 | SYSVI1 | SYSVIb1 | SYSvial
MAE_| 0.0278 0.0279 0.0280 | 0.0280 0.0278 0.0280
MAE_O 0.0262 0.0267 0.0263 | 0.0265 0.0263 0.0265
RMSE_I 0.0547 0.0550 0.0543 0.0548 0.0548 0.054%8
RMSE_O | 0.0343 0.0347 0.0343 | 0.0346 0.0343 0.0345

b) Daily observations

SYSVI2 | SYSVIb2 | SYSVia2 | SYSVJ1 | SYSVIb1 | SYSVial
MAE_I 0.0318 0.0321 0.0301 0.0300 0.0257 0.0258
MAE_O 0.0278 0.0291 0.0281 0.0277 0.027% 0.0285
RMSE_I 0.0542 0.0540 0.0526 | 0.0526 0.051% 0.0521
RMSE_O | 0.0363 0.0381 0.0371 0.0366 0.0385 0.0375

Notes: The underscore letter 1(O) refers to the in-sample (out-of-sample) analysis. Results are per unit.
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Considered along with the reduction in computation time due to (i) the analytical solution for the CF, (ii)
the use of the FFT for option pricing and (iii) the alternative set-up, these improvements provide a
significant benefit for practitioners.

Contrary to results from prior research, we find that jumps in the WTI crude oil futures market on average
tend to be downwards.

Endnotes

Carme Frau presented on this topic at the Annual Meeting of the Commodity & Energy Markets Association (CEMA) on June
18, 2021 in Madrid (held online).

1 For iid jumps, we assume that Js ~ N(ws, os); for exponentially time-decaying jumps, we assume Jy(t,T) = a-e{-b(T-t)}. The
parameter “a” determines the magnitude of the jump conditional on a jump in Ni, whereas “b” refers to the jump-decay
parameter and controls, when jumps occur, how much less long-dated contracts jump relative to short-dated ones.

2 The jump in 2011 corresponds to the Arab Spring; the biggest downward jump occurring in 2014 corresponds to the territorial
gains made by ISIS in Iraq and Syria, the surprising growth of US shale oil production (fracking), and the decision taken by the
OPEC to maintain output. Prices plummeted in March 2020, which corresponds to the beginning of the COVID-19 pandemic.

3 It is a period with upward jumps in prices since the start of COVID-19 pandemic and up to the end of the sample, which
coincides with the Russian invasion of Ukraine (February 24, 2022).
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