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We present a new term-structure model for commodity futures prices based on Trolle and Schwartz (2009), which we extend by 
incorporating seasonal stochastic volatility represented with two different sinusoidal expressions.  We obtain a quasi-analytical 
representation of the characteristic function of the futures log-prices and closed-form expressions for standard European 
options’ prices using the fast Fourier transform algorithm.  We price plain vanilla options on the Henry Hub natural gas futures 
contracts, using our model and extant models.  We obtain higher accuracy levels with our model than with the extant models. 
 

 

Introduction 
 
In this paper we aim at finding a suitable model to describe the natural gas futures prices and to price 
European plain vanilla options on them.  This commodity is characterized by stochastic prices and cost of 
carry, and seasonal stochastic volatility (SSV hereafter).  The foremost global trading center is the Henry 
Hub (HH hereafter), situated in Louisiana (U.S.).  It is also connected to storage facilities, interstate, and 
intrastate pipeline systems.  These features make it the dominant global reference price for natural gas, 
especially for futures contracts. 
 
Over the last few years, natural gas has become one of the most utilized energy sources worldwide, 
second only to oil and coal.  Natural gas is used to fuel electricity power plants, as well as industrial, 
commercial, and domestic cooking and heating.  Weather is the main factor in natural gas price evolution, 
leading to seasonal price behavior and stochastic volatility.  During the northern hemisphere’s fall and 
winter seasons, prices are higher due to increased demand for heating, and it is very volatile.  In spring 
and summer, demand decreases but production continues, as excess can be stored, thus exhibiting less 
variability.  Considering the cyclical behavior of natural gas prices is key to predict winter demand; 
therefore, winter futures typically trade at a premium compared to summer ones.  
 
Stylized facts in the natural gas market are mean-reversion and eventually jumps in prices, seasonality in 
prices and in implied volatilities, the inverse leverage effect (ILE hereafter), and the Samuelson effect.  SSV 
is a well-known empirical feature for many commodities in the literature, especially agricultural products, 
and natural gas.  Therefore, the framework we present goes beyond a particular asset, natural gas, and 
our model is extendable to other commodities driven by these seasonality factors.  In terms of seasonality 
in the variance, we acknowledge the following works in the literature:  Richter and Sørensen (2002), Back  
et al. (2013), Arismendi et al. (2016), Fanelli et al. (2016), Fanelli and Schmeck (2019), Brix et al. (2018), 
and Schneider and Tavin (2021).1  In this paper, we focus on the natural gas market and extend the three-
factor specification of the Trolle and Schwartz (2009) (TS09-SV1 hereafter) model with SSV, with the 
objective of incorporating the empirical observations mentioned above. 

https://link.springer.com/article/10.1007/s10479-022-05128-x
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The New Model – SYSSV 
 
Let St denote the time-t spot price of the commodity and y(t,T) the time-t instantaneous forward cost of 
carry that matures at time T.  We model the evolution of the entire futures curve by specifying one process 
for St and another for y(t,T).  Also, let vt denote the instantaneous variance, which follows a mean-
reverting process.  In this work, we introduce simultaneous jumps in St returns and in y(t,T), which are 
uncorrelated with any standard Wiener process.  We indicate in orange those terms which represent our 
novel contribution in the form of an extension to TS09-SV1.  Under the risk-neutral probability, the 
processes followed by St, y(t,T) and vt are governed by  
 

 
 
allowing Wt

S, Wt
y and Wt

v to be correlated with ρSy, ρSv and ρyv.  From applying Itô’s Lemma to diffusion 
processes and setting the drift to zero, it follows that the dynamics of futures prices are identical to those 
in TS09-SV1, which we refer to as the original set-up of the parameters.  For the sake of simplicity, we 
have reinterpreted certain parameters in our model, which consists of an equivalent way of understanding 
the nature of volatilities of St and y(t,T) – and of F(t,T) too.  As recently introduced in Crosby and Frau 
(2022) Sect. 3, we adapt the model specification in both TS09-SV1 and our own model to allow for an 
alternative set-up of the parameters, whereby we can calibrate option prices using a smaller number of 
parameters.  
 
We denote our model by SYSSV.  In it, we present two deterministic harmonic expressions which account 

for the seasonality in futures’ variations.  The parameters are 𝑎𝜃 > 0, 𝑏𝜃 ≠ 0, 𝑐𝜃 ≠ 0, t0 in [0,1).  The 

parameter 𝑎𝜃 determines the basic volatility level, 𝑏𝜃 and 𝑐𝜃 govern the magnitude of the seasonality 
pattern, t0 refers to the time of the year when the volatility reaches its maximum.  The simple (S) and 
multiple (M) harmonic/sinusoidal functions are continuous and differentiable everywhere; they read:2 
 

𝜃𝑡
𝑆 = 𝑎𝜃 + 𝑏𝜃cos(2𝜋(𝑡 − t0)),                                        

𝜃𝑡
𝑀 = 𝑎𝜃 + 𝑏𝜃cos(2𝜋(𝑡 − t0)) + 𝑐𝜃sin(2𝜋(𝑡 − t0)). 
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Options on natural gas expire (T0pt) 1 business day before the futures contract (T) does.  To price options 
on futures and with τ= T0pt - t, we introduce the FT φ(u) which has an exponential affine solution:  
 

 
 
The analytical representation followed by the FT of the futures prices for TS09-SV1, derived in Sitzia (2018), 
presents the analytical solution followed by the A(·) and B(·) terms – they depend on a combination of 
hypergeometric functions.  The inclusion of seasonality in the variance does not have any impact on the 
computation of the expression followed by the variance term B(·), but it significantly affects that of the 
independent term.  A(·) is comprised by 4 components for the simple (S) harmonic expression, 7 for the 
mixed (M) one.3  For the sake of brevity, we do not present the expression followed by the 7 components. 
When one does not consider seasonality in the variance, it becomes the TS09-SV1 model, A1(·) 
representing its original independent term. 
 
In this work we consider a panel of six extant models, a mix of spot-based (Mer76, Hes93, Bat96) and 
futures-based models (TS09-SV1, ST18, ST21).4  We transform the spot-based into their equivalent 
futures-based dynamics.  In this panel we also incorporate the two sub-specifications of our model SYSSV. 
These models and their main features can be observed in Table 1. 
 

Table 1  
Models, Factors, and Parameter Count 
 

 
 

Notes:  The star symbol refers to the alternative set-up, as well as the numbers in brackets. 
 

 

  



Seasonality in Commodity Prices:  New Approaches for Pricing Plain Vanilla Options 

 

bayes-cid.com | Summer 2024 |               Commodity Insights Digest 
 

27 

In our empirical work, we use the Carr and Madan (1999) approach for pricing European plain vanilla 
options, which permits the use of the computationally efficient FFT algorithm.  The t-price of a call option 
is calculated using the following expression: 
 

 
 
Market Data and Parameters Estimation 
 
We consider 10 years of Henry Hub (HH) natural gas data listed on the NYMEX.  The data set consists of 
observations of closing prices for futures prices and Black volatilities for options.  We consider seven 
consecutive generic futures contracts which we label M2, M3, M4, M5, M6, M7, and M8.  For each 
contract and observation, we consider 32 options – at-the-money (ATM) and out-of-the-money (OTM); 
the data are taken at monthly and daily frequency.  Our period spans from January 3, 2011 to December 
31, 2020.  Prices and volatilities can be observed in Figure 1.  In it, we can also observe the Samuelson 
effect and the ILE. 
 
Figure 1  
Futures Prices and ATM Option Volatilities 
 

 
 

Notes:  These figures display futures prices (lhs) and ATM option volatilities (rhs). 
 

 

We use the least-square fit to calibrate the models’ parameters under the Q measure.  As a proxy for the 
(non-observable) instantaneous variance vt, we use the square of ATM volatilities that corresponds to the 
shorter maturity contract M2.  Errors are expressed in terms of MAE(σ) and RMSE(σ). 
 
Seasonality is a well-known empirical feature for many commodities, especially for those which depend 
on the natural cycle such as agriculturals and natural gas; this seasonality affects the whole term-structure 
plotting in terms of maturity month (see Figure 2-lhs for seasonality in prices, Figure 2-rhs for seasonality 
in volatilities).  In a cross-sectional analysis, we can also find seasonality in the variance when averaging 
by trade month (see Figure 3-rhs).  The Samuelson effect can be observed in Figure 3-lhs. 
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Figure 2  
Seasonality in the Term-Structure (08/31/2018) 
 

 
 

Notes:  These figures provide evidence of the seasonality in prices (lhs) and in the variance (rhs).  
 

 

Figure 3  
Stylized Facts in the Variance 
 

 
 

Notes:  These figures provide evidence of the Samuelson effect (lhs) and seasonality in the variance (rhs).  
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A particular market exhibits unspanned stochastic volatility (USV) on a particular asset when volatility risk 
cannot be fully hedged solely using a portfolio of those assets.  TS09 shows it is important in the crude oil 
market.  The innovation of the volatility has very low but positive correlation with that of prices ϱFv (around 
10% for TS09-SV1 and our model), implying the large extent to which volatility is unspanned by natural 
gas contracts.  
 
Nomikos and Andriosopoulos (2012), Kristoufek (2014), and Baum et al. (2021) find an ILE (or positive 
price-variance correlation coefficient) in the natural gas market.  ILE arises because positive shocks have 
a much more pronounced effect on futures dynamics than negative shocks.  
 
Results and Conclusions 
 
We have developed a novel term-structure model for commodity futures prices which presents stochastic 
spot prices, forward cost of carry curves and variance, and a novel feature which is seasonality in the 
variance – our model represents an extension of the well-known TS09 model.  The seasonality enters the 
model dynamics by means of a deterministic mean-reverting long-run variance level.  We model futures 
dynamics under Q, compute the CF and price European plain vanilla options using the FFT algorithm.  
Given the sinusoidal nature of the seasonality, the independent term in the CF is of a semi-analytic form, 
whereas the variance term remains analytic. 
 
We calibrate a panel of models to Henry Hub natural gas market data.  The panel consists of seven extant 
models (Mer76, Hes93, Bat96, TS09, ST18, and ST21) plus the two sub-specifications of our model SYSSV, 
with the objective of analyzing pricing performance.  Our model outperforms the benchmark by 0.14% in 
terms of RMSE(σ), the most remarkable feature is the overperformance for very short maturity contracts 
(i.e., M2):  1.74% with the original set-up, 3.58% with the alternative set-up.  
 
Table 2  
Error Statistics per Model 
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Considered along with the reduction in computation time due to (i) the analytical solution for the CF, (ii) 
and the use of the FFT for option pricing and (iii) the alternative set-up, these improvements provide a 
significant benefit for practitioners. 
 

 

Endnotes 
 

Carme Frau presented on this topic at the Annual Meeting of the Commodity and Energy Markets Association (CEMA) on June 
21-22, 2022, in Chicago; and at the 16th International Conference on Computational and Financial Econometrics on December 
17-19, 2022, in London. 

 
1 These works are not necessarily meant for natural gas.  In fact, some are applied to describe electricity, others for agricultural 
commodities and/or natural gas. 
 
2 The form followed by the simple (S) pattern is inspired by Fanelli and Schmeck (2019) and Schneider and Tavin (2021). 
 
3 The integral to solve two of the terms is direct, for other two it is carried out doing integration by parts, and the remaining 
two are calculated using a Taylor approximation. 
 
4 The acronyms whereby we refer to the models in our panel are Merton (1976) which we refer to as Mer76, Heston (1993) 
which we refer to as Hes93, Bates (1996) which we refer to as Bat96, the 3-factor Trolle and Schwartz (2009) model which we 
refer to as TS09-SV1, and Schneider and Tavin (2018, 2021) which we refer to as ST18 and ST21, correspondingly. 
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https://ssrn.com/abstract=3121906 
 
Trolle, A. B. and E. S. Schwartz, 2009, “Unspanned Stochastic Volatility and the Pricing of Commodity Derivatives,” Review of 
Financial Studies, Vol. 22, No. 11, November, pp. 4423-4461. 

 
Keywords 
 

Commodities, natural gas, futures prices, option pricing, Fast Fourier Transform, term-structure model, analytical solution, 
seasonal stochastic volatility, sinusoidal functions. 

 
Author Biographies 
 

CARME FRAU, Ph.D. 
Assistant Professor, Universitat de les Illes Balears, Spain 
 
Carme Frau is an Assistant Professor at the University of the Balearic Islands.  She obtained an M.Sc. in Banking and Quantitative 
Finance at University of Castilla-La Mancha (2010), and a Ph.D. in Quantitative Finance and Economics (2022) at Complutense 
University of Madrid – with summa cum laude and international mention.  Her main research interests are in derivatives pricing 
on energy commodities.  She has published in peer-reviewed international journals, including the Annals of Operations 
Research and Energy Economics.  Before working in academia, she worked in industry for 20 years as a quantitative analyst 
(quant) in Madrid and London, and has specialized in the implementation of bespoke pricing and Value-at-Risk (VaR) engines 
of portfolios of financial derivatives. 
 
 

http://ssrn.com/abstract=301994
https://doi.org/10.1007/s10479-021-04241-7
https://ssrn.com/abstract=3121906


Seasonality in Commodity Prices:  New Approaches for Pricing Plain Vanilla Options 

 

bayes-cid.com | Summer 2024 |               Commodity Insights Digest 
 

32 

 
VIVIANA FANELLI, Ph.D. 
Associate Professor, Università degli Studi di Bari Aldo Moro, Italy 
 
Viviana Fanelli is Associate Professor of Mathematical Methods of Economics, Actuarial Science and Finance at the University 
of Bari Aldo Moro in Italy.  She has also been an advisor at Mantho Solutions Ltd, London, where she focused on mathematical 
modeling and quantitative analysis.  She has been appointed as course leader on financial risk management at the Global 
Association of Risk Professionals – Energy Risk Professional (GARP-ERP) Certification Program and as lecturer in energy finance 
at MIP – Polytechnic of Milan.  She has been a visiting researcher at the ESSEC Business School in Paris in 2013.  Her research 
interests cover stochastic models, asset pricing, arbitrage strategies, dynamic models, commodity finance, interest rate and 
credit risk modelling.  She regularly publishes in peer-reviewed international journals, including Quantitative Finance, European 
Journal of Operational Research, Energy Economics, Applied Energy, and Nonlinear Analysis Real World Applications.  Professor 
Fanelli holds a Ph.D. in Mathematical Methods for Economic and Financial Decisions. 


