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In this paper we estimate the skewness of the unconditional distribution of energy returns and test its statistical significance. 
We compare the performance of traditional and robust tests for skewness with those based on the implied unconditional 
skewness in a TGARCH model with Gram-Charlier (TGARCH-GC) innovations.  We also analyze the implications of TGARCH-GC 
skewness for tail risk through evaluation of Value-at-Risk (VaR) and expected shortfall (ES) accuracy.  Our results show that 
crude oil (Brent and WTI) and Gasoline returns are negatively skewed, while we do not find evidence of a skewed distribution 
for other energy returns such as Heating oil, Kerosene and Natural gas.  This indicates that the returns of the former are likely 
to encapsulate more largely the effect of negative shocks and so present higher tail risk than those of the latter.  These results 
differ from traditional and robust tests for skewness, providing important information on how to improve mean-variance risk 
management measures.  Indeed, we find that the three-moment VaR and ES measures based on the third-order Cornish Fisher 
(CF3) expansion for the unconditional distribution of returns are considerably improved over their corresponding two-moment 
ones.  We adopt CF3 to disentangle skewness effects from kurtosis in tail risk. 
 
 

Introduction 
 
Portfolio return skewness can be viewed as a source of tail risk and so, managing skewness risk becomes 
crucial since it measures the outcome resulting from bad news in financial markets that causes portfolio 
negative returns.  Price-formation fundamentals in energy markets are rather different than in the stock 
markets.  In fact, commodity prices are highly sensitive to global economic issues, so they present more 
accentuated sharp falls, which might make energy returns skewness prevalent in tail risk. 
 
Skewness is typically estimated by the sample skewness which has been shown to be highly unreliable and 
biased; see, e.g., Ghysels et al. (2016).  To address this issue, robust estimators for skewness from Bowley 
(1937), Yule (1927) and Hinkley (1975) have been employed in empirical studies. 
 
Regarding testing for skewed financial returns, several methods have been proposed in the literature, 
delivering mixed results.  Despite that, many of the existing conditional heteroskedastic (GARCH) models 
used in applications assume a symmetric distribution for the innovations, which implies, for most of these 
models, that returns are symmetric.  Models assuming asymmetric distributions for the innovations have 
become more popular since they allow testing for the significance of the skewness parameter.  
Nevertheless, in such studies where GARCH-type models are used together with non-normally distributed 
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innovations, the unconditional skewness cannot be estimated or tested as it is unknown, so the sample 
skewness remains the typical way to estimate and test the unconditional skewness. 
 
A complication stems from the fact that the GARCH-type structure interacts with the unconditional 
skewness of the distribution, so the derivation of the model implied (unconditional) skewness becomes 
cumbersome.1 
 
The paper offers an analysis of the skewness in energy returns by examining a series of oil, petroleum 
complex, and natural gas futures contracts.  We apply a novel test proposed in Carnero et al. (2022) for 
the unconditional skewness of the Threshold GARCH model of Zakoian (1991) under the Gram Charlier 
(Jondeau and Rockinger, 2001) distribution and compare it with alternative (standard and classical) 
measures of skewness.  Finally, we study the implications of our results for tail risk. 
 
Relevance of the Research Question 
 
This research is important because it shows that testing for skewed commodity returns through the 
statistical significance of the implied (unconditional) skewness of a TGARCH-GC model differs from 
traditional skewness tests based on sample skewness or quantiles, such as those for the Bowley, Yule and 
Hinkley skewness estimators.  It also highlights that energy market asset pricing and risk management 
analyses that use sample skewness may deliver misleading conclusions regarding portfolio performance. 
Indeed, improved skewness measures, based on the TGARCH-GC unconditional skewness, does enhance 
the performance of skewness-based portfolios in terms of the Sharpe ratio. 
 
Model and Implications 
 
We perform traditional tests for skewness and compare the results with those for the unconditional 
TGARCH-GC skewness.  For the former, we employ asymptotic and bootstrap-based approaches; see, e.g., 
Bai and Ng (2005) and Jiang et al. (2020), respectively.  For the latter, a test for skewness could be obtained 
through the asymptotic distribution of the maximum likelihood estimator of skewness by using the Delta 
method.  Nevertheless, it is known that this estimator leads to a very slow convergence rate to its 
asymptotic distribution, so we employ bootstrap-based tests.  Moreover, for our TGARCH-GC model this 
method has the drawback of being highly time-consuming due to the large number of estimations 
required. 
 
Alternatively, we also apply the method proposed by Anatolyev (2019), who implements the IM test of 
Ibragimov and Müller (2010), to build alternative confidence intervals (CIs) from those based on the large 
sample theory.  The IM method allows one to construct CIs for the unconditional skewness of the return 
with a small number of repeated TGARCH-GC estimations. 
 
For robustness purposes, we provide estimations of the returns’ TGARCH-GC unconditional skewness using 
a rolling window scheme with a sample size of 5,000 observations.  We proceed as follows:  for the period 
from June 2, 1986 to April 19, 2006, corresponding to the first rolling window, the TGARCH-GC model is 
estimated and the implied skewness is obtained.  When a new observation is added to the sample, we 
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delete the first observation and re-estimate the TGARCH-GC model and the implied skewness.  This process 
is repeated until we reach the last 5,000 observations in the sample, from May 1, 2001, to April 5, 2021. 
This amounts to considering 3,758 different subsamples and therefore the same number of unconditional 
skewness estimates, which are exhibited in Figure 1 for Heating Oil and Gasoline. 
 
Figure 1  
Skewness Test under the TGARCH-GC Model 
 

 
 
Note:  TGARCH-GC implied unconditional skewness of the daily returns of Heating oil (top panel) and Gasoline (bottom panel) 
computed with subsamples of size 5,000 observations using a rolling window of both series of daily returns.  The dates in the 
x-axis refer to the end-of-window dates. 
 
 

Our analysis has important implications for tail risk.  We show the relevance of employing different 
measures of skewness for the evaluation of VaR and expected shortfall (ES) accuracy.  We estimate sample 
and implied (unconditional) VaR and ES measures by assuming the third-order Cornish-Fisher (CF3) 
expansion for the unconditional distribution of returns.  The CF3 expansion depends on one parameter, 
which is closely related to the unconditional skewness for a given range of the parameter values.  This 
parameter is replaced by the closed-form expression for the skewness implied in the TGARCH-GC model. 
We adopt CF3 instead of the popular CF4 (fourth order Cornish-Fisher) expansion to disentangle the 
unconditional effect of skewness in tail risk from the kurtosis performance under CF4.  We are only 
interested in the skewness marginal effects on the tail risk contribution with respect to the one based on 
the first two moments; that is why testing skewness in a previous stage is important. 
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Data and Empirical Results 
 
The series employed are the log returns from samples of closing prices observed at daily and weekly 
frequencies of the following six common energy futures contracts:  West Texas Intermediate (WTI) crude 
oil; Brent crude oil; Heating oil No. 2; New York Harbor Conventional Gasoline Regular; Kerosene-Type jet 
fuel and Henry Hub Natural gas.  Except the weekly Heating oil returns, all series present a negative 
skewness coefficient, ranging from -1.83 (Brent oil) to -0.19 (Natural gas) for daily frequency, and from          
-3.08 (WTI) to 0.04 (Heating oil) for weekly returns.  The kurtosis is high for all series ranging from 14.62 
(Gasoline) to 72.51 (Brent oil) for the daily series, and from 8.11 (Kerosene) to 331.14 (WTI) for weekly 
returns.  The Jarque-Bera test rejects normality for all series. 
 
We test for skewed distributions using, first, the classical, Bowley and Yule tests and second, we use the 
TGARCH-GC model.  Under the standard normal distribution, we have calculated both asymptotic and 
bootstrap p-values of all tests. 
 
At daily frequency the results show that under asymptotic p-values, the standard test rejects symmetry for 
all series, while the Bowley test rejects for both Kerosene and Natural gas, and the Yule test only for WTI.  
This is expected from the results of a comparison analysis of power functions of the previous asymptotic 
tests.  For weekly frequency and under asymptotic p-values, the standard test rejects symmetry for all 
series apart from Heating oil, while the Bowley test rejects for WTI, Kerosene and Natural gas, and the Yule 
test for Brent oil, Gasoline and Kerosene. For weekly returns and bootstrap p-values, the null is rejected 
only for WTI and Kerosene (Bowley and Yule tests) and Brent oil (Yule test).  We can see that using the 
robust tests, the null hypothesis of skewness equal to zero is never rejected for Heating oil, indicating that 
there is no evidence of skewed unconditional distributions for this series of returns under both 
frequencies.  However, results differ for the rest of the series depending on the test used and on the 
frequency.  For instance, the daily returns series of Brent oil and Gasoline show no evidence of skewness 
under the two robust tests.  A comparison of test power functions shows a higher probability of rejecting 
symmetric distributions when using sample asymptotic tests than Yule and Boyle asymptotic tests. 
 
Figure 1, presents, as an example, the rolling-window TGARCH unconditional skewness estimates for two 
series of daily returns.2  Specifically, Heating oil, for which the null hypothesis of skewness equal to zero is 
not rejected, and Gasoline, for which the null hypothesis of skewness equal to zero is rejected.  The figure 
also plots the 95% IM confidence intervals for the unconditional kurtosis of the returns, together with the 
implied skewness obtained with the full sample.  Finally, Figure 1 also exhibits the zero line to see whether 
it is included in the confidence interval for the returns’ unconditional skewness.  As we can see, on the one 
hand, for the Heating oil, the estimated skewness obtained using the 3,758 different subsamples is close 
to zero, rather like the unconditional skewness obtained with the full sample, and it is always inside the 
95% confidence interval.  Notice that the previous CI does contain the zero line, confirming that the 
unconditional skewness of the Heating oil daily returns is equal to zero.  On the other hand, for the 
Gasoline series, the estimated skewness corresponding to the different subsamples is always negative, 
very close to the unconditional skewness computed with the full sample, and it is always inside the 95% 
confidence interval, which does not contain the zero line.  This result shows evidence that the 
unconditional distribution of the Gasoline daily returns is negatively skewed. 
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Conclusions 
 
This paper examines whether energy returns have a skewed unconditional distribution.  To tackle this issue, we 
initially employ traditional tests of skewness, including those based on the skewness statistics of Bowley (1937) and 
Yule (1927), as well as the sample skewness statistic.  Next we use the TGARCH model assuming a Gram-Charlier 
distribution for the innovations to estimate the unconditional skewness of the return series.  We show that testing 
for skewed returns through the statistical significance of the skewness implied by the estimated TGARCH-GC model 
differs from traditional skewness tests.  Our results give evidence of negative skewness for the series of crude oil 
(WTI and Brent) and Gasoline returns.  Finally, we show how skewness affects tail risk through an empirical 
application for VaR and ES.  We find that three-moment VaR and ES are consistently lower than two-moment ones, 
which means that they provide more conservative measures of tail risk.  Improvements in accuracy from TGARCH-
GC-implied VaR and ES with respect to sample moment ones are also rather apparent.  These results have important 
implications for risk management. 
 
 

Endnotes 
 
1 More precisely, the TGARCH model has the advantage that its moments (both odd and even) can be computed and therefore, 
it is possible to derive their closed-form expressions.  This is because the model is specified for conditional volatility, and not 
for conditional variance as in other GARCH-type models.  Hence, we can only obtain second-order Taylor approximations for 
the unconditional skewness measure when directly modeling conditional variance.  See, for instance, Alexander et al. (2021). 
 
2 The robustness analyses for the rest of the series in the paper are not presented to save space, and also because they are 
consistent with those exhibited, but they are available upon request. 
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