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Building on the influential Gibson and Schwartz (1990) and Schwartz and Smith (2000) two-factor models for commodity spot
prices, this paper extends the framework to incorporate stochastic volatility and time-varying correlation through a Wishart
variance-covariance matrix process. This generalization provides joint characteristic functions for both the state variables and
their variance-covariance matrices, offering a richer description of the dynamics of volatility and correlation in commodity
markets. While the original models are well known for tractably capturing the term structure of futures prices and implied
volatility, the extended versions further account for volatility smiles and relax the restrictive assumption of constant correlation,
facilitating empirical analysis via filtering techniques.

Introduction

Gibson and Schwartz (1990), hereafter GS, is an important milestone for the pricing and hedging of
storable commodities because it is a tractable reduced-form model that includes the two main risks of
commodities futures term structure: the spot price (level) and the convenience yield (basis/spread). It
then connects the modelling of the term structure to the theory of storage and facilitates its compatibility
with economic stylized facts.

The GS model belongs to the affine class of models, an essential practical tool for the valuation, hedging,
and estimation of derivatives. However, it is well-known that the GS model does not consider important
stylized facts. In particular, the GS model is very naive regarding the second moment of state variables,
while this second moment is essential for a good understanding of the term structure of volatility and non-
linear derivatives.

In Schneider et al. (2025), which this digest article summarizes, we show how to exogenously model the
matrix of variance-covariance while keeping the flexibility of affine models. We augment the GS model
with a Wishart process to describe the matrix of variance-covariance and name it the Gibson and Schwartz
Wishart model.!

Stylized Facts

Routledge et al. (2000) highlight that commodity prices are strongly heteroskedastic, with volatility
increasing with the level of backwardation. They add that the Samuelson effect, i.e., the decreasing
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pattern of the term structure of volatility, is inversely proportional to inventory. Pirrong (2011) further
adds that the correlation between spot and forward prices is time varying and correlated with the level of
backwardation.

We check part of these empirical predictions for the WTI crude oil futures market on the CME Group’s New
York Mercantile Exchange (NYMEX) and display historical volatilities of the spot price, the convenience
yield, as well as their correlation.? As usual in the empirical literature, we identify the spot price with the
nearest futures contract, F1, and the convenience yield with the basis defined as the spread between the
nearest and next nearest contract, F,, in logarithms, In(F1/F2). Historical moments are computed using
daily data on a rolling basis with a lag of 252 days from March 16, 1984, to September 1, 2025. Results are
displayed in Figure 1.

Figure 1
Spot Price and Convenience Yield Volatilities and Correlation (Qil)
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Notes: Figure 1 displays the historical volatilities of the return of the spot price (convenience yield) identified as the nearest
futures price (spread in logarithms between the nearest and next nearest futures contract) as well as the historical correlation
between the spot return and the convenience yield. The underlying commodity is the Light Sweet Crude Oil quoted on the
NYMEX. Sample moments are calculated on a rolling basis with 252 lagged daily data from March 16, 1984 to September 1,
2025.

Figure 1 confirms that the spot and convenience yield volatilities as well as their correlation are
significantly time varying. For example, the spot volatility (correlation coefficient) is below 15% (10%)
during the first year of the sample but is above 60% (40%) from August 1986 to February 1987. In addition,
we calculate that the sample correlation between the spot price volatility and the convenience yield
volatility (spot-convenience yield correlation) is a weak 24% (22%). Similarly, the correlation between, on
the one side, the convenience yield volatility and, on the other side, the correlation of the spot-
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convenience yield, is -3%. These quick computations prove that each component of the second moment
is not redundant with the others. Full computation available from the authors upon request shows that
they are also not redundant functions of the spot price or the basis — for example, the sample correlation
between the spot volatility and the convenience yield (spot price) is -1% (-12%).

Wishart Process for Commodities

We rely on an intuitive approach to introduce Wishart processes as the sum of outer products of
independent multivariate Ornstein-Uhlenbeck processes, xy ¢,

dxk‘t = Mxk’tdt + QdBk,t (1)

where M,Q are 2x2-dimensional®* matrices and By, 1 <k < f are B independent 2-dimensional
Brownian motions:

Ve = Z£=1 Xpe,tXpe ' (2a)
where i-i' designates the usual transpose symbol. By construction, the symmetric matrix V;is positive
semidefinite and the Laplace transform of the elements of V; is an exponential function of these elements,
identical to the Laplace transform of a process V; defined by the following diffusion Stochastic Differential
Equation (Gourieroux, 2006):

AV, = [BQQ" + V,M' + MV,]dt + Q'dW,2\[V, + \[V,dW2Q (2b)

where WtQ is an 2x2 matrix Brownian motion. We use in Eq. (2b) the notation Q because for the remainder
of the article, processes are considered under the pricing measure. More broadly, § needs not to be an
integer but must be greater than 1 so that Eq. (2b) makes sense and the Laplace Transform remains

exponential affine. /V; stands for the square root of I/;, that is the unique positive semidefinite matrix

2
such that /V; = V;. Cuchiero et al. (2011) discuss the most general version of Eq. (2b) to be well-defined
and keep its affine structure.

We denote by S; the spot price, §; the convenience yield, r the constant interest rate, and rely on the
dynamics of Eq. (2b) to extend the traditional GS model:

(S _ (7= 8 =3 Vixe 0
d( 5, )_< K(e—(zst) )dt+\/7tdZt (3a)

where k is the speed of mean reversion and 6 the long-term mean of the convenience yield. Eq. (3a) can
be conveniently rewritten in matrix form:

In(S;)

dXtEd< 5,

) = (0 — KX, + Z)dt +/V,dZ} (3b)
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Z;Q is 2-dimensional Brownian motion imperfectly correlated with WtQ: Zé@ = WtQp +/1- p’pl/T/tQ with
p'=(P1 P2)and VT/tQ a 2-dimensional Brownian motion independent of WtQ. Egs.(2b, 3b) ensure that

the spot price, convenience yield and their matrix of variance-covariance constitute a Markovian process
of non-redundant state variables.

with @ = (Krg),gc

In Schneider et al. (2025), we name this process the Gibson-Schwartz Wishart process. Of most
importance, we show that the characteristic functions of X,, for u = (u,,u,) € C?and time horizon T,
ox () = EYexp(iuyIn(Sy) + iu,87)] is also of exponential affine type:

pxu) = exp(Tr(A(T, w)Vy) + B(T,u)' X, + C(T, u)). (4)

Tr() is the trace operator, A(,u),B(,u) and C(,u) are, for a given u € C? deterministic function of the
time horizon taking values in M'(2 x 2,C), M (2 x 1,C) and C, respectively.

Only the part related to the spot price, ¢(s) = (pX(u = (s; 0)), is relevant if we are interested in options
that have the same maturity as the futures contract.* By definition, the futures price of maturity T, F,(T),
is directly given in terms of the characteristic function of the spot price:

Fo(T) = o(=i) = E°[S7] (5)
Let us further denote by I1; (I1,) the probability to finish in the money associated with the futures price

(the risk-free asset®). I1;, I1, can be calculated by Fourier inversion of the characteristic function (Bakshi
and Madan, 2000):

1,1 e~ isIn() p(s—i)

Hl T2 + tho [ isp(-i) (63)
_ 1 1 ~c0 e—isln(K)(p(s)

M, =2+ [ R|——2ds (6b)

where K designates the strike price of the option and %R the real part of a complex number. The price of
a call (put) option, Cy(K,T) (PO(K, T)), on the futures contract is given by:

Co(K,T) = e_rT(Fo(T)H1 — KII,) (7a)

Py(K,T) = e "T(K(1—1I) — Fo(T)(1 — IIy)) (7b)

bayes-cid.com | Winter 2025 | Commodity Insights Digest

S[Clig

42



The Gibson-Schwartz Wishart Model

lllustration

We provide an illustration where the values of the spot price, convenience yield, and their parameters, as
well as the initial values of the matrix of variance-covariance, are in line with the usual parameters of the
oil market. Other parameters are in line with parameters employed for Wishart processes (see e.g.,
Fonseca et al. (2007)):

Table 1
Parameters and State Variables used for Illustration

So 60 | Vio | Vi2o | V220 r 0 K P1 P2

100 | 0.05 | 0.15|0.15| 0.2 |0.02|0.08| 1.2 | -0.15 | -0.25

B Mii | M2 | M2z | M2z | Qu | Q2 | Qa1 | Qa2

15]-125(033|0.15|-1.12 | 0.18 | 0.1 | 0.05| 0.2

Note: Table 1 displays the parameters used for the illustration displayed in Table 2.

We rely on the parameters of Table 1 to illustrate the futures and call option prices given by Eq. (5) and Eq.
(7b), respectively, for maturities ranging from 1 to 24 months and strikes ranging from 80 to 120% of the
spot price (Table 2). Option prices are quoted in implied volatility using Black’s formula. Table 2 shows
the customary backwardation pattern of the term structure. It also reveals the habitual Samuelson effect
and the smile of the (implied) volatility.

Table 2
lllustration of Futures and Option Prices
Implied volatility
Strike price
T (months) | Futures Price 80 90 100 110 120
1 99.70 37.44% | 36.53% | 35.89% | 35.50% | 35.33%
3 98.91 32.64% | 31.67% | 31.01% | 30.66% | 30.57%
6 97.50 27.04% | 26.01% | 25.37% | 25.11% | 25.17%
12 94.74 19.89% | 18.96% i 18.52% : 18.52% | 18.80%
24 90.56 14.20% | 13.88% | 13.89% | 14.10% | 14.42%

Note: Table 2 displays futures prices and option prices, quoted in implied volatility, for maturities ranging from 1 to 24 months
and strike from 80 to 120% of the spot price.
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Conclusion and Extension

In Schneider et al. (2025), we show how to extend the Gibson and Schwartz (1990) model to include
essential stylized facts linked to the second moment of the model, while essentially keeping its tractable
affine structure for hedging and pricing derivatives. In addition, in Schneider et al. (2025), see also Chiu et
al. (2015), we explain how to build the dynamics of the market price of risk to keep the affine structure
under both the physical and pricing measures, leading to a state space form estimation of the new model.
Then, the linear Kalman Filter with pseudo maximum likelihood can be used to extract information from
futures prices and its Unscented counterpart, see Wan and van der Merwe (2001), to extract information
from option prices.

Endnotes

1 We present here the extension around the GS model but in Schneider et al. (2025), we include a similar extension for the
Schwartz and Smith (2000) model.

2 The historical moments are calculated using first difference, i.e. using returns for the spot price and variations for the
convenience yield. Volatilities and correlations using volatilities itself are also calculated using first difference.

3 We focus on the GS with only two primitive state variables, the spot price and the convenience yield. As a consequence, we
restrain our presentation to 2x2 Wishart processes that we use to describe their matrix of variance-covariance. The
generalization to nxn dimensional Wishart processes is straightforward (Gourieroux, 2006).

4 This choice is guided by empirical relevance (Chicago Mercantile Exchange Group).

5 The risk-free asset is the asset, that is locally risk-free, with an instantaneous return equal to the risk-free rate.
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