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We propose a stochastic spanning approach to assess whether a traditional portfolio of stocks and bonds spans augmented
portfolios including commodities, foreign exchange, and real estate. We empirically show that in all seven portfolio
combinations, the augmented portfolio is not spanned by the traditional one. Both parametric and non-parametric tests further
confirm our results in an out-of-sample setting. Traditional investors face an opportunity cost of up to 0.77% per month by not
switching to an augmented portfolio that includes alternative asset classes. Additional analysis demonstrates that
diversification benefits are stronger in times of economic decline and financial market weakness.

Introduction

Most U.S. investors focus on portfolios of stocks and bonds. The question is whether adding commodities,
foreign exchange, and real estate improves investment opportunities. Prior research has given mixed
answers. Some studies find diversification benefits in-sample but not out-of-sample. Others find no
benefits at all. A key problem is that most studies rely on restrictive assumptions about how returns are
distributed and how investors make asset allocation decisions.

We address this problem using stochastic spanning tests developed by Arvanitis et al. (2019). Spanning
asks whether a set of traditional assets (stocks and bonds) can replicate all the investment opportunities
available from an expanded set that includes additional assets (e.g., commodities). If the traditional set
spans the expanded set, then the additional assets provide no benefit to investors. If spanning fails, then
the expanded set offers opportunities that cannot be replicated with the traditional assets alone. The
stochastic spanning approach tests this without making assumptions about return distributions and
considers all risk-averse investors, not just those focused on mean and variance.

We examine seven portfolio combinations over the period 1990-2018. We use 14 individual commodity
futures contracts (energy, agriculture, metals), 18 foreign exchange rates against the U.S. dollar, and a U.S.
real estate index. The traditional portfolio consists of 10 S&P 500 sector indices and five bond instruments
(Treasury notes and corporate bond indices).
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Our main finding is that traditional stock-bond portfolios cannot span augmented portfolios in any of the
seven cases we test. This holds both in-sample and out-of-sample. Adding commodities, foreign exchange,
or real estate creates investment opportunities that cannot be replicated using only stocks and bonds. The
economic magnitude is substantial. Investors who stick with traditional portfolios sacrifice up to 0.77%
per month compared to portfolios that include commodities and foreign exchange. Even commodities
alone incur an opportunity cost of 0.25% per month. These benefits are strongest during market
downturns and periods of economic stress.

Main Results

In-Sample Tests

We test whether traditional portfolios span seven different augmented portfolios using data from January
2000 to December 2018 (228 months). We reject spanning in all seven cases at the 5% significance level.
This means the augmented portfolios offer opportunities that traditional portfolios cannot provide. The
results are consistent when we split the sample into three subperiods. We examine 2000-2004 (pre-
financialization), 2005-2014 (financialization), and 2015-2018 (post-financialization) to address concerns
about commaodity financialization. The literature notes that correlations between commodities and stocks
increased after 2004 as institutional investors entered commodity markets. Despite this, traditional
portfolios cannot span augmented portfolios in nearly all cases across all three periods. The only exception
is real estate during 2005-2014, the period that includes the financial crisis, when real estate and equity
correlations were high.

Out-of-Sample Tests

In addition to purely in-sample tests, we also conduct out-of-sample tests over the same period. We use
both non-parametric and parametric tests to compare performance. The non-parametric tests are based
on stochastic dominance. In all seven cases, we cannot reject the null hypothesis that the augmented
portfolio dominates the traditional portfolio at the 5% level. This means risk-averse investors would prefer
the augmented portfolios.

The parametric measures confirm these findings. For commodities alone, the augmented portfolio
generates a 0.60% monthly return with 4.21% volatility, compared to 0.52% and 4.87% for the traditional
portfolio. The Sharpe ratio improves from 0.08 to 0.11, and the downside Sharpe ratio increases from 0.08
to 0.13. Commodities combined with foreign exchange produce larger improvements. The augmented
portfolio achieves a 0.58% monthly return with 2.23% volatility versus 0.34% and 4.43% for the traditional
portfolio. The Sharpe ratio jumps from 0.05 to 0.20. When all three asset classes are included, the
augmented portfolio delivers a 0.49% monthly return with 2.03% volatility compared to 0.36% and 4.46%
for the traditional portfolio. The Sharpe ratio rises from 0.05 to 0.17. The cumulative performance of
traditional and augmented portfolios is depicted in Figure 1 on the next page for each case.
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Figure 1

Case 1: Commodities Case 2: Foreign Exchange

Case 3: REITs Case 4: Commodities, FX

Case 5: Commodities, REITs Case 6: FX, REITs
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Note: Cumulative performance of the traditional optimal portfolio (orange, dashed) as well as the optimal augmented portfolio
(blue, solid) in each case for the out-of-sample period from January 1, 2000 to December 31, 2018.
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Economic Magnitude

We calculate opportunity costs using utility-based measures that account for the entire return distribution.
The monthly opportunity cost ranges from 0.12% (real estate only) to 0.77% (commodities and foreign
exchange). For commodities alone, the opportunity cost is 0.25% per month. These calculations are
consistent across different levels of risk aversion and utility function specifications (exponential and power
utility). The 0.77% monthly opportunity cost for commodities plus foreign exchange translates to roughly
9% per year in certainty-equivalent returns. Even the smallest opportunity cost (real estate at 0.12%
monthly) amounts to over 1% per year.

Portfolio Weights

The optimal portfolios allocate significant weights to alternative assets. When commodities alone
augment the portfolio, they receive 41% on average. Stocks get 55% and bonds 4%. When commodities
and foreign exchange are combined, commodities get 20%, foreign exchange 52%, stocks 28%, and bonds
less than 1%. When all three asset classes are included, commodities receive 15%, foreign exchange 45%,
real estate 14%, stocks 26%, and bonds less than 1%. Bonds nearly disappear from optimal portfolios once
alternative assets are available. Stock allocations drop significantly but remain between 26% and 55%,
depending on which alternative assets are included.

What Drives Diversification Benefits?

We examine what factors affect the return difference between augmented and traditional portfolios using
time series regressions. Stock market performance has a strong negative effect. When the MSCI World
index rises, diversification benefits from commodities and foreign exchange decrease. When stock
markets fall, diversification benefits increase. The U.S. Leading Index shows a similar pattern, with negative
values (indicating economic weakness) associated with larger diversification benefits.

For commodities, Global Real Economic Activity (based on dry bulk cargo prices) has a positive effect.
Higher global activity increases commodity diversification benefits but reduces foreign exchange
diversification benefits. The VIX volatility index shows a positive relationship with diversification benefits
for portfolios including commodities or foreign exchange in individual regressions, though this effect
becomes insignificant when stock returns are included due to high correlation. Interest rates play different
roles: short-term rates negatively affect real estate benefits, while long-term rates show positive
relationships with commodity benefits.

The key finding is that diversification benefits are time-varying and strongest during market downturns,
economic weakness, and high uncertainty. Alternative assets provide insurance properties, performing
relatively better when traditional assets struggle.
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Implications for Investors

Our findings indicate that augmented portfolios exhibit higher turnover than traditional portfolios, thereby
increasing transaction costs. However, even after accounting for 50 basis point proportional transaction
costs, augmented portfolios maintain their performance advantage. The return loss measure confirms
that higher Sharpe ratios persist net of trading costs.

The portfolio weights show that alternative assets receive allocations of 40% or more when a single asset
class is added. When multiple alternatives are included, individual asset class weights remain between
14% and 52%. The choice of alternative assets affects the magnitude of benefits. Commodities combined
with foreign exchange yield the largest opportunity cost at 0.77% per month. Commodities alone generate
0.25% monthly, while real estate alone shows the smallest benefits at 0.12% monthly.

The time-varying nature of diversification benefits matters for understanding risk properties. Benefits are
largest during periods of market stress, declining stock markets, economic downturns, and high
uncertainty. This suggests that alternative assets provide downside protection when traditional assets
underperform.

Methodology and Data

Understanding Stochastic Spanning

The stochastic spanning approach differs from traditional mean-variance analysis in important ways.
Mean-variance spanning (Huberman and Kandel, 1987) tests whether new assets improve the mean-
variance frontier. This assumes returns are normally distributed (or investors have quadratic utility) and
that investors care only about mean and variance.

Stochastic spanning relaxes these assumptions. It asks whether new assets improve outcomes for any risk-
averse investor, not just mean-variance investors. The approach is based on second-order stochastic
dominance (SSD). Portfolio A dominates portfolio B by SSD if every risk-averse investor (i.e., every investor
with an increasing and concave utility function) weakly prefers A to B.

The technical foundation involves lower partial moments. For any return threshold x, the lower partial
moment measures the expected shortfall below x. If portfolio A has lower expected shortfalls than
portfolio B at all thresholds, then A dominates B by SSD. This is equivalent to saying A is preferred by all
risk-averse investors.

In spanning tests, we ask whether traditional assets span augmented portfolios. Spanning means that for
every augmented portfolio, there exists some traditional portfolio that dominates it by SSD. If spanning
holds, the additional assets provide no benefits to risk-averse investors. If spanning fails, some augmented
portfolios offer better opportunities than any traditional portfolio.
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The test statistic measures the maximum difference in expected shortfalls between augmented and
traditional portfolios. We consider all possible portfolio weight combinations and all return thresholds.
Computing this statistic requires solving optimization problems over utility functions.

Arvanitis et al. (2019) show these optimizations can be approximated using piecewise-linear utility
functions. Any increasing concave utility function can be approximated arbitrarily well by piecewise-linear
functions. We use 715 distinct utility functions in our implementation. Each is characterized by 10 linear
segments with 5 possible slope values. This approximation is accurate and enables tractable computation
via linear programming.

Critical values come from subsampling. We cannot use standard asymptotic theory because the test
statistic has a non-standard distribution under the null hypothesis. Subsampling generates an empirical
distribution by computing the test statistic on overlapping subsamples of the data. We use four subsample
sizes and apply regression-based bias correction to improve finite-sample properties.

The approach has three advantages over mean-variance methods. First, it makes no distributional
assumptions. This matters for commodities and foreign exchange, which often show skewness and fat
tails. Second, it accounts for all moments of returns, not just the mean and variance. Third, it applies to
any risk-averse investor, not just those with specific utility functions.

Data and Implementation

We use monthly data from January 1990 to December 2018. The dataset includes 14 commodity futures
contracts: Brent crude, WTI crude, live cattle, feeder cattle, lean hogs, corn, soybeans, wheat, gold, silver,
cotton, coffee, cocoa, and sugar. These are front-month continuous series that represent actual tradable
positions. For foreign exchange, we include 18 currency pairs against the U.S. dollar: Canadian dollar,
Danish krone, Japanese yen, Norwegian krone, South African rand, Swedish krona, Swiss franc, Australian
dollar, New Zealand dollar, British pound, Indian rupee, Sri Lankan rupee, Chinese yuan, Hong Kong dollar,
Singapore dollar, Thai baht, South Korean won, and Taiwan dollar. This covers developed and emerging
markets. For real estate, we use the S&P U.S. REIT index. For stocks, we use 10 S&P 500 sector indices:
health care, consumer discretionary, consumer staples, industrials, information technology, materials,
communication services, utilities, financials, and energy. For bonds, we use 5-year Treasury notes, 30-year
Treasury notes, and three corporate bond indices (Moody’s AAA, Moody’s BAA, and Bloomberg Barclays
Aggregate).

The in-sample analysis uses 228 months from January 2000 to December 2018. For out-of-sample testing,
we use a 120-month rolling window. At each month t, we use months t-120 through t-1 to estimate
optimal portfolio weights. We then calculate the realized return from month t to t+1 using these weights.
This produces 228 months of out-of-sample returns spanning January 2000 to December 2018.

For each utility function in the set of 715 functions, we solve a linear programming (LP) problem to find
optimal portfolio weights. The LP has variables for each time period and constraints that ensure weights
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sum to one and are non-negative (no short sales). The objective maximizes expected utility using the
piecewise-linear utility function.
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