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The paper applies the recently developed quadratic normal model (QNM) to oil options. This three-parameter model assumes
parabolic local volatility and extends the Bachelier model to a much broader class of “fat-tailed” distributions with two additional
parameters related to skewness and kurtosis. The primary focus of this paper is to demonstrate how this model can be efficiently
calibrated to option prices and used by volatility arbitrageurs in managing their portfolios. We calibrate model parameters daily
to market prices of WTI options over an extensive twenty-five-year period and analyze the dynamics and stability of parameters
over time. We show two primary applications of the model for delta-hedging of market-making portfolios and for pricing digital
(binary) options, which are also becoming increasingly popular in prediction markets.

Introduction

Oil is undoubtedly the world’s most important commodity, at least, if its worth is measured by the total
value of global consumption. Furthermore, oil plays an equally large role in financial markets where it
often acts as a primary benchmark for the commodities asset class. It should not be surprising that prices
of oil futures constantly attract enormous attention from journalists, academic researchers, and
policymakers. At the same time, the dynamics of the equally important and large market for oil options is
often overlooked and understudied. This gap can be explained by the relative complexity of oil options,
the lack of market transparency, the existence of the large and opaque over-the-counter (OTC) market,
and data challenges.

The prior empirical studies of oil volatility were predominantly focused on the structural expensiveness of
short-term oil options relative to the cost of their dynamic replication, the phenomenon that subsequently
became known as the volatility risk premium (VRP). VRP strategies are often described as gamma trading,
as relatively short-term options are typically held until their expiration. The profitability of such strategies
is highly dependent on gamma, or the second derivative of the option price with respect to the futures
price, which gave the strategy its name. For various empirical studies of oil options related to VRP, we
refer to Doran and Ronn (2006, 2008), Trolle and Schwartz (2010), Kang and Pan (2015), Prokopczuk et al.
(2017), Ellwanger (2017), Christoffersen and Pan (2018), Bouchouev and Johnson (2022), and Jacobs and
Li (2023).
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In practice, only a small portion of options are held until expiration and VRP trading represents a small
fraction of professional volatility portfolios. The options are more frequently bought and sold by dealers
whose goal is to capture short-term mispricing opportunities, typically across different strikes but for a
given maturity. This type of trading became known as volatility arbitrage, or volatility smile trading.

The presence of the volatility smile highlights the limitations of one-parameter models which are
conventionally based on either lognormal (Black, 1976) or normal (Bachelier, 1900) price distributions. If
the market were truly following such distributions then the volatility smile would not have existed. One-
parameter models lead to inconsistent hedging deltas which is unacceptable for volatility arbitrageurs.
The two most commonly used paradigms for capturing the volatility smile are local volatility models in the
spirit of Dupire (1994) and Derman and Kani (1994), and stochastic volatility models, such as Heston (1993)
and the Stochastic Alpha, Beta, Rho (SABR) model developed in Hagan et al. (2002).

In the oil market, the problem of volatility smile was typically approached as an extension of traditional
multi-factor term-structure models, allowing volatility also to be stochastic, such as in Trolle and Schwartz
(2009), Chiarella et al. (2013), Trolle (2014), Cortazar et al. (2017), Schneider and Tavin (2018), Kang et al.
(2020), Crosby and Frau (2022), and Alfeus et al. (2024). Here, volatility dynamics are specified by an
additional stochastic process, which significantly increases the number of model parameters and makes
dynamic model calibration more challenging.

However, one should always be cognizant of the trade-off between the model accuracy and its
transparency which is essential for the fast-paced business of volatility arbitrage. For this reason, local
volatility models remain particularly popular among oil traders as they provide more pricing flexibility
while still allowing options to be dynamically replicated by trading futures, which is not possible when
volatility is assumed to be stochastic. Despite the phenomenal growth of the oil options market, the
nature of pricing models used by professional volatility arbitrageurs in the oil market remains largely
hidden from public eyes for commercial reasons.

In this digest article, we summarize how one such model, the so-called quadratic normal model (QNM)
described in Bouchouev (2023), has been used in practice by volatility market-makers. This three-
parameter model captures the variance, skewness and kurtosis of the underlying price distribution with
its parameters directly related to the three benchmark oil options: at-the-money (ATM) straddle, producer
collar where the purchase of the out-of-the-money (OTM) put is offset by the sale of the OTM call, and
out-of-the-money (OTM) strangle. We show how this model can be applied to delta-hedging market-
making portfolios and to pricing digital, or binary, options, which are also becoming increasingly popular
in prediction markets.

The Quadratic Normal Model (QNM)

The development of the QNM model has been motivated by structural changes in the oil derivatives
market during the last decade. These changes were driven by the rapid growth of the U.S. shale-oil
industry which impacted the hedging behavior of domestic producers, and by further financialization of
the oil market which led to equity-like volatility characteristics. The oil market started to exhibit the so-
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called “up the stairs, down the elevator” dynamics with much larger downside moves than what is implied
by a positively skewed lognormal distribution. The price distribution became more symmetric in normal,
or absolute terms, but with fat tails on both sides resulting in volatility smiles which look more parabolic
when measured in dollar terms, as shown later in Figure 1.

We consider a general risk-neutral diffusion process for the futures price, F(t), of the form:

dF = o(F)dz

The function o (F) is known as the local volatility of the diffusion process.

The price of a call option, C(F,t), on commodity futures is then determined by the solution of the
following diffusion equation

aC  o2(F)aC

E‘}‘ > W—TC:O

where 1 is the risk-free interest, and the boundary condition is given by the option’s terminal payoff with
the strike price K at maturity T

C(F,T) = max(0,F — K)

In general, the diffusion equation above cannot be solved analytically, unless the local volatility a(F) is
constant (normal distribution), proportional to the futures price (lognormal distribution), or when it takes
some rather peculiar analytical forms which have not found any practical applications in the oil market.

The idea of the QNM is to apply the so-called method of perturbation, which is a popular technique in
applied mathematics for solving nonlinear partial differential equations. In the method of perturbation,
constant normal, or arithmetic volatility, o4 is modified by a relatively small functional perturbation &(F)

o(F) =04+ ¢(F)
The QNM specification then chooses the perturbation function to be quadratic
e(F) = a + bF + cF?
Bouchouev (2023) applied the method of perturbation to this problem and derived the following simple
pricing formula for the call option

Cc
C(F, t) = CBC(FJ t; O-A) + e_rT\/;n(mA) (UQN(K, F) + EGAZT)

where
Coc(F,t;04) = e "{(F — K)N(m,) + gatn(mny)}
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is the Bachelier formula with time to maturity T = T — t, and the normal moneyness of the option is
defined by

_F-K
-—=

Here, N(...) and n(...) represent, respectively, cumulative normal distribution and its normal density. The
crucial correction, which the QNM provides to capture the skewness and fat tails of the distribution for
futures prices, is given by the following quadratic term

my

b c
von (K, F) =a+§(K+F)+§(K2+KF+F2)

Several alternative specifications of the QNM model, which are helpful for various practical applications,
are presented in the main text of the paper.

Data

For our analysis, we use daily settlement prices for WTI options as reported by CME, from January 2000
until December 2024. We use option prices for the first twelve monthly contracts with strike intervals of
fifty cents per barrel. These options have an American exercise style. We use the industry standard
Barone-Adesi and Whaley (1987) formula, which adds the early exercise premium to the Black (1976)
formula for European options, to calculate implied Black volatilities (IBV). We then use Black-equivalent
European option prices to calculate implied normal volatilities (INV) by inverting the Bachelier (1900)
pricing formula which assumes a normal distribution. We interpolate implied volatilities to construct
volatility grids for 10-, 20-, 30-, 40-delta OTM puts (10p, 20p, 30p, 40p), 10-, 20-, 30-, 40-delta OTM calls
(10c, 20c, 30c, 40c), and zero-delta straddles (0s).

To illustrate the significance of changes in the behavior of market participants, we split the sample at the
end of 2014 into two sub-samples. Figure 1 on the next page displays the average IBV and INV volatility
smiles for the m3 contract over two periods.

As one can see from Figure 1, put skews became much steeper in the later period, which is characterized
by increasing financialization of the oil options market. With stronger linkages to financial asset classes,
oil started to trade more like equities, following “up the stairs, down the elevator” dynamics with large
periodic downside price moves. In addition, with the rapid growth of U.S. shale oil, hedging demand for
put options from oil producers also increased. Correspondingly, the INV smile observed in the market
started to look more symmetric and parabolic. This change in the volatility regime became one of the
primary motivations behind the adoption of the QNM.
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Figure 1
Average Implied Black (1BV) and Implied Normal (INV) Volatility Smiles
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Empirical Results and The QNM Calibration

We perform dynamic daily calibration of the QNM model using the entire twenty-five-year sample of data
and benchmark results against Black, Bachelier and SABR models. To find the optimal daily set of volatility
parameters for QNM and SABR models, we used the standard least-square minimization by comparing
market and model-generated option prices across different strikes. We have also tested the regularization
method by adding a penalty function. While this method slightly improves the stability of SABR parameters
over time at the expense of a small decrease in its accuracy, it does not have any material impact on the
QNM model, confirming the robustness of its calibration process without the need of regularization.

First, we perform in-sample calibration where model parameters are calibrated to option prices recorded
on the same day (t). Then the model calibrated parameters on day t are applied to t+1 and t+5 to assess
degradation of model fit when applied to out-of-sample dates one day and one week forward. To measure
the quality of the fit, we calculate mean absolute error (MAE), and root mean square error (RMSE) for
options for all dates and moneyness. The table on the next page presents the summary of in-sample and
out-of-sample pricing errors for dynamically calibrated Black, Bachelier, SABR and QNM models.

The QNM significantly improves the fit to market prices for all tenors, as compared to one-parameter
models. Its accuracy is also very similar to SABR, as one could expect given that both models have the
same number of free volatility parameters. To visualize directional fitting biases for each model, we also
show the signed mean error in Figure 2 on the next page. This mean error is defined as the model price
minus the market price, so positive (negative) sign of the mean error means the model is overpricing
(underpricing) the market.
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Table 1
Black, Bachelier, SABR and QNM Pricing Error Summary
t+1 t+5

MAE RMSE MAE RMSE MAE RMSE

m3 Black 0.1478 0.2107 0.1738 0.2497 0.2452 0.3586
Bachelier 0.1181 0.1958 0.1445 0.2328 0.2159 0.3432

SABR 0.0147 0.0217 0.0734 0.1292 0.1758 0.2812

QNM 0.0195 0.0332 0.0725 0.1206 0.1702 0.2636

m6 Black 0.2460 0.3277 0.2663 0.3572 0.3325 0.4533
Bachelier 0.1777 0.2941 0.2006 0.3214 0.2710 0.4171

SABR 0.0292 0.0433 0.0818 0.1364 0.1903 0.2920

QNM 0.0400 0.0649 0.0873 0.1393 0.1889 0.2824

m9 Black 0.3234 0.4242 0.3432 0.4505 0.4085 0.5447
Bachelier 0.2162 0.3562 0.2395 0.3813 0.3128 0.4778

SABR 0.0431 0.0621 0.0965 0.1655 0.2113 0.3232

QNM 0.0595 0.0940 0.1072 0.1711 0.2149 0.3196

ml12  Black 0.3716 0.4911 0.3942 0.5235 0.4632 0.6294
Bachelier 0.2422 0.4034 0.2693 0.4323 0.3485 0.5377

SABR 0.0532 0.0830 0.1124 0.2341 0.2374 0.4134

QNM 0.0745 0.1242 0.1291 0.2653 0.2497 0.4432

Figure 2
Mean Pricing Errors for Black, Bachelier, SABR and the QNM models

Mean Pricing Errors, m3
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One can see that the Black formula significantly underprices puts and overprices calls for the m3 contract.
This illustrates that the positively skewed lognormal Black model does not allocate sufficient probability
mass to the downside events as the distribution of oil price is more symmetric. The Bachelier formula
slightly underprices puts but it underprices calls by a larger amount. The QNM corrects shortcomings of
these one-parameter models, which are too rigid to be able to capture the volatility dynamics of oil
options. Both SABR and QNM provide very similar corrections to option prices. However, as we will show
later, despite similar fits to option prices the two models imply very different dynamics for the future
volatility smile and very different hedging deltas.

Figure 3 shows the time series of the calibrated parameters over time. All three parameters of the QNM
model behave sensibly over time, reflecting ebbs and flows of various risks driving the likelihood of
extreme events. Note that in the main text of the paper we show that the parameter a can be expressed
in terms of ATM volatility a4, which is used here for the purpose of calibration.

Figure 3
The Time Series of QNM Calibrated Parameters (o4 = atm_inv, b, ¢)
Time Series of QNM Parameters atm_inv, b, and ¢, m3
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Application of the QNM to Pricing and Hedging

One important application of the QNM model is in delta-hedging market-making options portfolios. We
show that deltas generated by the QNM model, which are calculated analytically by simply differentiating
the pricing formula, are significantly different from the ones generated by traditional models. In particular,
the QNM requires dealers to hedge OTM puts more aggressively, which is commonly done in practice when
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dealers’ risks become particularly concentrated on the downside at the times of large-scale producer
hedging. Figure 4 compares deltas generated by Black, Bachelier, SABR and QNM models.

Figure 4
The Difference in Deltas Generated by Black, Bachelier, SABR and the QNM Models
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Comparing deltas of the QNM to the ones generated by the Bachelier model, one can see that QNM adds
more positive delta to OTM calls and more negative delta to OTM puts. This is intuitive, as QNM assigns
higher probability of extreme events in both directions. The QNM hedging works similarly to adding the
breakout or momentum strategy to the Bachelier-based hedging, as the QNM tends to over-hedge both
tail risks.

When compared to Black deltas, the QNM model provides an even larger adjustment for OTM puts as
QNM is derived using the normal model as the base in contrast to the lognormal Black model, thus both
Bachelier and QNM models shift probability mass to the downside, effectively correcting lognormal
naturally positive skewness. For the OTM calls, the QNM deltas are much closer to Black deltas because
higher probabilities of extreme events resulting from the convexity of the QNM model are somewhat offset
by positive skewness of the Black model. Finally, and perhaps the most interestingly, QNM deltas have the
largest differences to SABR deltas for both OTM puts and calls. This confirms that even though both models
may appear to be structurally similar and they both match the same volatility smile equally well, they imply
very different forward dynamics and require different hedging ratios.

We also show the application of QNM for pricing exotic options. We choose the digital options which trade
OTC given their simplicity and recent growth which was also spurred by the proliferation of event trading
in prediction markets. The digital option pays zero or some fixed amount, depending on the outcome of
the event. The simplest ATM digital option in the oil market pays S1 if the oil price at the contract
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expiration ends up being higher than it is today, and zero otherwise. For simplicity, in this example we
assume zero interest rate.

According to the normal (Bachelier) framework, one should always pay 50 cents to play all-or-nothing
game with S1 payoff, regardless of market conditions, while in the lognormal (Black-Scholes), the value of
the ATM digital option with S1 payoff is always less than 50 cents. The QNM framework is more
accommodating. Figure 5 shows historical theoretical prices of ATM digital options calculated using the
QNM with daily calibrated parameters. As one can see, the value of the digital option could be either
above or below 0.50, depending on prevailing market conditions, and the shape of the implied volatility
smile.

Figure 5
Theoretical Values of 3-month ATM Digital Options under Normal (Bachelier), Lognormal (Black), and QNM
Frameworks with Zero Interest Rate
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Conclusions

In this paper, we have applied the recently developed QNM model to pricing and hedging of oil options.
The primary goal of the paper is to provide the comprehensive empirical analysis of the model. We
calibrated the model parameters to daily prices of WTI options over the twenty-five-year period, starting
from 2000 when the oil options market gained sufficient liquidity. To the best of our knowledge, this is the
only study that covers dynamic calibration of any option pricing model in the oil market over the entire
historical sample. For benchmarking, we have also calibrated the industry standard SABR model and found
the fit accuracy to be similar but the two models imply different forward dynamics for volatility.
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We analyze the behavior of calibrated parameters over time and emphasize the stability of QNM
parameters and the robustness of the calibration process. In contrast to many other multi-parameter
volatility models, the calibration of QNM can be split into two independent steps. First, the model is
calibrated to ATM options, followed by a separate calibration of skewness and kurtosis parameters. This
procedure simplifies the calibration process and makes it particularly useful for volatility market-makers
who calibrate the model to ATM options much more frequently, as options for other strikes may not always
be instantaneously available.

We highlight how QNM-implied hedging deltas differ from the ones generated by Black, Bachelier, and
SABR models. We also show how the dynamic nature of the QNM parameters leads to very different and
more volatile prices of popular OTC digital options, as compared to prices generated by standard one-
parameter models based on normal or lognormal frameworks. Digital options are becoming increasingly
popular in prediction markets, and such variability of prices is intuitive, reflecting the changing nature of
primary risk factors in the oil market at any given time.

The QNM described in this paper for the oil market potentially has a broader range of applications in other
markets, including event trading in various prediction markets. Our preliminary results have also shown
its applicability to the market for interest rate options, where the underlying asset could become negative,
and volatility is also commonly measured in absolute or normal terms with the volatility smile often
exhibiting a symmetric parabolic shape. However, we leave this research for a more detailed study in the
future.
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